Abstract In this work we take a formal approach to the problem of decoupling Proca equations in curved space-times. We use Newman-Penrose (NP) twospinor formalism to represent the Proca vector by one complex and two real scalars. We show that a decoupled second order differential equation for one of the real scalars can be derived if and only if the background space-time admits a covariantly constant null vector. Thus, the background space-time must be a pp-wave vacuum. We evaluate the separability of Proca, Maxwell and Dirac equations on the resulting pp-wave background.
Introduction
Wave equations representing massive and massless fields in curved space-times have been extensively studied since 1970's. The solutions describing the propagation of fields are required in various problems including -but not limited to-black hole stability, Hawking radiation and scattering and absorption of test fields. In an analytic approach it is essential to decouple individual degrees of freedom and achieve separation of variables, so that the system can be reduced to a set of decoupled ordinary differential equations. In that context, massive scalar field equation in Kerr background was first separated by Matzner [1] . Unruh decoupled and separated massless Dirac equation in Kerr background [2] . Teukolsky decoupled massless field equations for scalar, neutrino, electromagnetic, and gravitational fields and derived a separable master equation parametrized to represent each case [3] . Chandrasekhar decoupled and separated massive Dirac equation in Kerr background [4] . Page decoupled and separated Dirac equation in Kerr-Newman background which represents a charged, rotating black hole [5] . The wave equation of a massive real scalar field was also separated in Kerr-Newman background [6] . The wave equation representing Rarita-Schwinger field (spin 3/2) was decoupled and separated by Güven in Kerr background [7] , later this was generalised to Kerr-Newman space-time [8] . Separation of variables for the equation of a complex massive scalar field in Kerr-Newman background was also studied [9] . This was generalised to the case of dyonic black holes which can have magnetic charge, by Semiz [10] . Massive complex Dirac equation in dyonic Kerr-Newman background was also decoupled and separated by Semiz [11] .
It turns out that the equations describing all massive and massless fields can be decoupled and separated in Kerr background except massive spin 1 or Proca field. The longitudinal degree of freedom acquired by spin 1 field when the mass term is introduced, prevents the full decoupling of different components of the field in black hole space-times. For that reason authors have recently employed numerical techniques to solve separable but coupled wave equations for massive vector fields in Schwarzschild background [12, 13] , where one degree of freedom can be decoupled only.
In this paper we take a formal approach to study the problem of decoupling the Proca equation. Using Newman Penrose (NP) two spinor formalism [14] , we derive the conditions that should be satisfied by space-times, to enable the decoupling of Proca equation; and outline the treatment of Dirac, Maxwell and Proca fields in this context.
Vectors and spinors
Let (o, ι) be a spin-basis for a two dimensional vector space S over complex numbers C, endowed with a symplectic structure ǫ AB = −ǫ BA . The condition that (o, ι) is a spin basis for S gives
Every spin basis induces a tetrad of null vectors.
l and n are real while m andm are complex (conjugates). The NP null tetrad satisfies orthogonality relations
A hermitian spinor Θ is defined to be one for whichΘ = Θ. For this to make sense Θ must have as many primed as unprimed indices and relative positions of the unprimed indices must be the same as the relative positions of the primed ones. Hermitian spinors can be identified with the tangent space (at a point) of a 4 dimensional manifold M . The simplest example is Θ AA ′ . There exist scalars ξ, η, ζ such that
As a consequence of the requirement that Θ AA ′ is hermitian, ξ and η real. Thus, the set of hermitian spinors forms a real vector space of dimension 4. In spinor analysis we identify this with T p (M ), the tangent space at a point in a 4-manifold M . Similarly the set of hermitian spinors Θ AA ′ forms a real vector space dual to the one above, which will form the cotangent space T * p (M ). This identification, -which is denoted by relabelling AA ′ → a-enables the expression of tensors in the language of spinors (see e.g. [15, 16] ).
The spinor covariant derivative
The spinor covariant derivative is defined axiomatically as a map ∇ a = ∇ AA ′ : θ ... → θ ...;AA ′ , where θ is any spinor field. In the NP formalism, derivatives are projected onto the null tetrad, hence conventional symbols are defined for those projections,
and ∇ a can be expressed as a linear combination of these operators:
One can replace ∇ a by (6) and contract with the NP vectors to convert all tensor equations ultimately to sets of scalar ones. Although this usually leads to a vast set of equations the fact that only scalars are involved and that most problems involve discrete symmetries makes them easier to handle. Evaluation of the derivatives requires evaluation of the derivative operators acting on basis spinors, hence we need to define the NP spin coefficients
From (7) one directly reads that o A Do A = κ, o A Di A = ǫ and so on, which is an alternative wave of defining NP spin coefficients. The action of the derivative operators on the null vectors follow from (2) and (7).
Since we are only dealing with scalars for any NP quantitiy φ,
This leads to commutation relation for NP derivative operators.
Proca fields
Proca equations describe massive vector fields. The Proca bivector f µν is defined in terms of the vector potential
where m is the mass term. There is no gauge freedom in Proca theory. The Lorentz condition ∇ µ A µ = 0 is a consequence of the field equations. In Ricci flat space-times (R µν = 0) the Proca equation reduces to the massive wave equation
In NP formalism ∇ b is given by (6) , and by means of (4) the vector field can be expressed in the form:
The Proca equation (11) consists of four equations which can be derived by multiplying it (from the left) with l a , n a , m a , andm a , respectively. Let us check if one can obtain a decoupled equation.
Proposition 1
The Proca equation can be decoupled for one of the real scalars if and only if the background space-time contains a covariantly constant null vector.
Proof As we see in (8) the components of the directional derivatives of l a in the direction of n a vanish in general. If one requires that the directional derivatives of m a andm a in the direction of n a also vanish, one can obtain a decoupled equation for η, since in that case, terms proportional to ζn a or ξn a will not occur in the explicit form of the first Proca equation. Now, consider a space-time that contains a covariantly constant null vector ∇l = 0 ⇒ Dl = ∆l = δl = 0. This implies κ = σ = ρ = τ = 0. Using (8) one can also show that (ǫ +ǭ) = (γ +γ) = (ᾱ + β) = 0, which will simplify the problem to some extent. The directional derivatives of n and m are now given by Dn = πm +πm Dm =πl + 2ǫm ∆n = νm +νm ∆m =νl + 2γm δn = µm +λm δm =λ − 2ᾱm δn =μm + λmδm =μl + 2αm (13) Now we multiply the Proca equation (11) from the left with l a to obtain a decoupled second order differential equation for η.
(14) proves that decoupled equation for η can be found if κ = τ = σ = ρ = 0. Conversely, let us assume that one of the spin coefficients κ, τ , σ, ρ does not vanish. Then the derivatives of the termsζm a and ζm a will produce terms proportional toζn a and ζn a . When we multiply the Proca equation from the left with l a , the resulting equation couples η and ζ. Thus decoupling is not possible. Now let us choose a spin basis (o, ι) such that the covariantly constant null vector corresponds to n a . In that case ∇n a = 0, and the directional derivatives of the null vectors m a andm a have no components in the direction of l a since π = ν = λ = µ = 0. In that case, one can multiply the Proca equation from the left with n a to derive a decoupled equation for the other real scalar ξ.
By the same argument (15) will include ζ terms if at least one of the spin coefficients π, ν, λ, µ does not vanish.
In (12) we have considered the decomposition of the Proca vector over the NP tetrad. Let us also consider the decoupling problem for the Proca equation with respect to the components of the Proca vector in an orthonormal basis. 
The orthonormal tetrad and the NP tetrad are related by (see e.g. [15] )
Using (17), one can compare (12) and (16) to see that ξ = (A0 + A3), η = (A0 − A3),ζ = (A1 + iA2), and ζ = (A1 − iA2). Then the result follows from proposition (1).
The explicit forms of the equations n a (
a ) = 0 couples η and ζ, and its complex conju-
2 A a ) = 0 couples ξ, η, and ζ. In principle, one can obtain a solution for η from (14) 
The space-times that contain a covariantly constant vector field are known as pp-wave space-times. These are exact solutions to Einstein's field equations compatible with radiation associated with a classical massless field, and they are everywhere of Petrov type N [17] (see e.g. [15] ). In all space-times of type N the repeated principal null direction generates a geodesic, shear free null congruence (κ = σ = 0), however all type N space-times do not contain a covariantly constant null vector. Decouplings (14) and (15) are only possible in pp-wave space-times. They cannot be achieved in type N space-times other than pp-waves, that do not contain a covariantly constant null vector, or in algebraically special space-times of different types (including type D spacetimes such as Schwarzschild and Kerr), or in algebraically general space-times.
The pp-wave metrics have been widely studied both in the context of super-gravity and string theory since they constitute a convenient classical background and a simple toy model with vanishing curvature invariants, yet a rich internal structure. (see [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] and references therein) Plane wave metrics are subsets of pp-waves with extra planar symmetry along the wave fronts. The interest in plane waves has remarkably increased since Penrose discovered that one can associate a plane wave metric to every space-time and a choice of null geodesic in that spacetime [35] . This property is known as the Penrose limit, and was later extended to different string theories by Güven [36, 37] .
Ehlers and Kundt [38] showed that if a vacuum space-time contains a covariantly constant vector field (i.e. if it is a pp-wave vacuum), coordinates (u, v, x, y) can be found so that the line element is given by (also see [15] )
The NP tetrad for (18) is given by
The NP derivative operators have the form
The only non-vanishing NP spin coefficient for pp-wave vacuum space-time (18) is ν. The proca equations reduce to
Since the only non-vanishing spin coefficient is ν, all the commutators except (δ, ∆) vanish.
Having D∆ = ∆D and δδ =δδ, the decoupled equation for η can be written as [2(D∆ − δδ) + m 2 ]η = 0. Letting m = √ 2µ) it takes the form
The separability of the decoupled equation (26) depends on the explicit form H = H(u, x, y). Let us consider a simple textbook example of a sandwich wave with H = (1/2)f (u)(x 2 − y 2 ) [39] (also see [15] ) such that f (u) is constant in the interval (u 0 , u 1 ), and vanishes outside. Note that ∂/∂v is a Killing vector impose separation of variables in the form η = e ikv U (u)X(x)Y (y). (26) takes the form
where a prime denotes the derivatives of the functions with respect to relevant variables. The separated equations for the functions U, X, Y are given by
The functions have the form
where
√ k, and D v (x) are parabolic cylinder functions. (see [40] )
Electromagnetic fields
In this section we evaluate electromagnetic fields in pp-wave background. Let us start with the spinor equivalent of the Maxwell tensor in NP formalism.
where φ AB is a symmetric valence 2 spinor which generates 3 complex scalars via
The explicit forms of the source-free Maxwell equations in terms of electromagnetic scalars are as follows:
First we require that the background space-time contains a covariantly constant null vector ∇l = 0 so that (κ = τ = σ = ρ = 0). (34) and (36) reduce to
Let us act on (38) with δ, and on (39) with D from the left.
In that background the commutation relation for δ and D acting on a scalar is also reduced to
From Maxwell equations (38) and (39) we have
Thus, using (41) with (38) and (39) we can transform (40) to a decoupled second order equation for φ 0
In pp-wave vacuum space-time (18) where the only non-vanishing NP scalar is ν, 1 the decoupled equation (42) is reduced to
Relatively simple, but not decoupled second order equations can also be derived for φ 1 and φ 2 .
Using (25), (43) takes the form
(46) is the decoupled differential equation or the Maxwell scalar φ 0 in ppwave background. We see that it is identical with the decoupled equation for η in the Proca case as we let µ = 0. Let us consider the sandwich wave example of the previous section and impose separation of variables in the form
The separated equations for the functions U, X, Y are given by
The functions have the form (31) with µ = 0.
Dirac fields
We start with Dirac equation which couples two fermion fields via
In NP formalism, Dirac's equations (51) can explicitly be written in the form:
where P 0 ,Q 0 and P 1 ,Q 1 are components of P A ,Q A along the spinor dyad basis o A and ι A respectively. In pp-wave background the explicit forms of Dirac equations reduce to
Since the only non-vanishing commutator is (δ∆ − ∆δ) = −νD we can eliminate P 0 from (56) and (57) (D∆ − δδ)
Similarly one can derive a decoupled equation forQ1.
The equations for P 0 andQ0 can not be decoupled.
The decoupled equations for P 1 andQ1 have exactly the same form as (26), while they reduce to (46) for massless Dirac fields. The arguments for separation of variables for Proca and Maxwell fields directly apply to this case.
Summary and conclusions
In this work we represented the Proca vector by one complex and two real scalars. We showed that a decoupled equation can be derived for one of the real scalars if and only if the background space-time contains a covariantly constant null vector; thus it must be a pp-wave. We derived the explicit form of the decoupled equation in vacuum pp-wave metric and applied separation of variables for a simple example of a sandwich wave. We proceeded with Maxwell and Dirac fields in pp-wave background and derived decoupled equations for Maxwell scalar φ 0 and components in dyad legs P 1 andQ1. We showed that the decoupled equations in pp-wave background have the same form and the arguments for separation of variables can be directly applied.
Note that there could be different decompositions of the Proca vector into degrees of freedom, some of which could satisfy decoupled equations in a wider class of space-times, hence our analysis in the NP formalism does not exclude all decouplings in space-times other than pp-waves. On the other hand, the NP-formalism is well-motivated by the correspondence between the structure of matter/interaction fields and the structure of spacetime, i.e. spinors forming the most general representations of the Lorentz group and null vectors forming light cones; hence the associated decomposition should be regarded as very natural in some sense, therefore the result about decoupling and separability should also be regarded relevant.
The Proca equation is
If the background space-time admits a covariantly constant null vector, it takes the form ( using (3) and (13))
Multiplying from the left with m a we get Similarly, the equation (69) couples ξ, η, ζ andζ. If the space-time satisfies κ = τ = ρ = σ = 0, it reduces to a decoupled equation for η as suggested by proposition (1). If we further impose (ǫ +ǭ) = (γ +γ) = (ᾱ + β) = 0 (so that 3α +β = 2α ), (69) reduces to (14) .
